Abstract. We investigate when a rational endomorphism of the Riemann sphere C extends to a mapping of the upper half-space H 3 which is rational with respect to some measurable conformal structure. Such an extension has the property that it and all its iterates have uniformly bounded distortion. Such maps are called uniformly quasiregular. We show that, in the space of rational mappings of degree d, such an extension is possible in the structurally stable component where there is a single (attracting) component of the Fatou set and the Julia set is a Cantor set.
Introduction
Let R d denote the space of all degree d rational endomorphisms of the Riemann sphere C = C∪{∞}. We use [1] and [2] as basic references for the theory of iteration of rational mappings. As usual, we view C as the boundary of the upper half-space H 3 = {(x 1 , x 2 , x 3 ) ∈ R 3 : x 3 > 0}. Given a rational mapping R ∈ R d we say that R : H 3 → H 3 is an extension of R if:
(1)R|C = R; (2) degree(R) = degree(R) = d.
Condition (2) is largely redundant. Whenever an extension has any reasonable topological properties, for instance if it is continuous and open, it will follow.
Rickman has shown that every rational mapping of C admits a quasiregular extension to H 3 [15] ; however, in this paper we investigate which rational mappings admit an extension to H 3 which is conformal (or rational) in some measurable conformal structure. Such an extension will have the remarkable property that it and all its iterates are quasiregular with a uniform bound on the distortion (see [14] and [7] for basics concerning quasiregular mappings). Such mappings are known as uniformly quasiregular mappings, abbreviated to uqr-mappings. The existence of such (non-injective) mappings was established in [6] . More recent examples of Lattès type were given by V. Mayer [12] . Largely because of Rickman's version of Montel's Theorem [14] , the dynamics associated with iterating a uqr-mapping of H 3 are quite analogous to the planar situation (see [5] , [9] , and [12] ).
We shall usually consider an extension of a map of H 3 to be defined on S 3 via reflection across C = ∂H 3 and the conformal identification (stereographic projection)
between R 3 = R 3 ∪ {∞} and S 3 . In the literature, such mappings are sometimes called quasimeromorphic [10] .
The extension of a rational mapping of C to a uqr-mapping of R 3 , such as that given here, opens up the possibility of using 3-dimensional topology as a tool in studying the dynamics of such rational mappings somewhat in analogy with the theory of Kleinian groups. Although in view of the severe nonexistence results we prove, this extension seems to be of limited utility. For higher (n ≥ 3) dimensional quasiregular mappings, the Liouville Theorem, [14] Theorem 2.5, asserts that no extension can be conformal in the usual sense. Moreover, at points of continuity of a measurable conformal structure, a rational mapping is locally injective [7] . Thus we must utilise structures which are at best measurable. The connections between uqr-mappings and mappings rational with respect to a measurable conformal structure is discussed in [6] . We give only the briefest sketch below.
We refer to the subset of all R ∈ R d with the property that there is a single component of the Fatou set as the unbounded component. Following Mañè-SadSullivan, we say a rational mapping R ∈ R d is structurally stable if there are no relations between critical points [11] . Mañè-Sad-Sullivan proved that the set of structurally stable degree d rational mappings is open and dense. We denote by S 
Conformal structures
We consider S 3 as a Riemannian 3-manifold with the usual metric induced by
for almost every x ∈ S 3 , and all ξ ∈ T x S 3 .
The smallest number K for which the above inequality holds is called the distortion of F . A quasiregular mapping can be redefined on a set of measure zero so as to be continuous, open, and discrete.
Let G be a measurable conformal structure on S 3 . By this we mean that at each point x ∈ S 3 , G(x) is a linear automorphism
of the inner product space T x S 3 , such that G(x) is symmetric, positive definite, of determinant equal to 1 and satisfies a uniform ellipticity condition
with K ≥ 1 independent of x.
GAVEN J. MARTIN
For G satisfying (2) the solutions of the equation
for mappings of Sobolev class W 1,3 (S 3 ) form a semigroup under composition. Each such solution is a K 2 -quasiregular mapping of S 3 where K is determined by the ellipticity bound (2) on G.
We call the semigroup of nonconstant solutions to (3) the G-rational mappings, or simply rational mappings if G is understood. G is referred to as an invariant conformal structure for this semigroup.
When n = 2 and G = I (the identity matrix) the differential equation (3) reduces to the usual Cauchy-Riemann equations and such solutions necessarily represent rational (analytic) endomorphisms of C. Actually, in dimension 2, rather more is true. Any measurable G can be the matrix dilatation of a quasiconformal homeomorphism (the so-called measurable Riemann mapping theorem).
Let f : S 3 → S 3 be a mapping. We denote the iterates of f by
If f is a G-rational mapping, then so is f n for every n = 1, 2, 3, . . . and the degree of f n is d n where d is the degree of f . Conversely, if f is a uqr-mapping, then there is an equivariant conformal structure for the semigroup {f n } generated by f [6] . This is not the case for more general semigroups of quasiregular mappings, even if there is a uniform distortion bound [3] .
The branch set of a quasiregular mapping f is the set of points B f at which f is not locally injective. The branch set is analogous to the set of critical points; however, G-rational mappings will not be smooth on the branch set in dimensions greater than 2. The branch set of a uqr-mapping can be more or less arbitrary in the sense that one cannot distinguish between a quasiregular mapping and a uqr-mapping by the structure of the branch set alone [8] .
Extensions
In this section we show how to extend rational mapping in S ∞ d . In fact we achieve a slightly more general result. The construction is not too distant from that given in [8] and [7] and so we do not give too many details. We start with a definition.
Let R be a rational mapping of C. An inverse disk system for R is a collection of closed topological disks D 0 , D 1 , . . . , D m in the plane with the following properties.
(
. Obviously the existence of an inverse disk system is a topological property, in the sense that it is preserved under topological conjugacy. We call this system an inverse system of disks because it is what one should obtain by looking at the inverse iterates of a small disk about the attracting fixed point of a rational map whose Julia set is a Cantor set. The disk D 0 contains the attracting fixed point; the Julia set lies in the disks D 1 , . . . , D n and is the inverse limit of the disks R −n (D i ). In particular, the Fatou set of a rational mapping with an inverse system is connected and there is a unique attracting fixed point.
The construction given in the proof of Theorem 9.8.1 of Beardon [1] shows (with minor modification) that if R is a rational mapping all of whose critical points lie in the immediate basin of an attracting fixed point, then R admits an inverse disk system. The converse is clear. Note that polynomial mappings can never have an inverse disk system as ∞ is always a super-attracting fixed point and therefore Condition (2) is violated on D 0 . Theorem 3.1. Let R be a rational mapping of C which admits an inverse disk system. Then R has an extensionR : H 3 → H 3 which is uniformly quasiregular and hence rational in some measurable conformal structure.
Proof. We break the proof into a number of simple steps.
Step 1. We may assume by approximation that all the disks in the inverse system are quasidisks. The images of these disks is also a disjoint collection of quasidisks. Next, appealing to the planar annulus theorem for quasiconformal mappings, there is a quasiconformal mapping f 1 : C → C such that both
1 . Then R 1 is a mapping (not necessarily rational) for which we have an inverse system of round disks (which we continue to denote by D i ) and for which the iterates R
Step 2. We use the (planar) Schönfliess theorem in a neighbourhood U i of each disk (chosen so as to be disjoint from all the other disks) to change the mapping R 1 to a mapping R 2 with the property that R 1 = R 2 outside these small neighbourhoods of disks U i and such that R 2 : D i → D i is a linear fractional transformation. We may easily retain Condition (3) so that Condition (4) implies that the mapping R 2 is uniformly quasiregular. (To see this, note that the forward orbit of any point spends only N iterations outside the disks D i where R 2 is conformal, and thus picks up at most a finite amount of distortion.) In fact, note that a planar uqr-mapping is conjugate to a rational mapping [6] . (This is because of the existence theorem for quasiconformal mappings which implies that any invariant conformal structure is conformally flat.) This rational mapping will in turn be quasiconformally conjugate to R. So, at present, R 2 is simply a well chosen quasiconformal conjugate of R,
Step 3. Let B i (centered in C) be the 3-ball in R 3 whose intersection with C is the disk D i , and similarly B i . Let φ i : B i → B i be the Möbius transformation whose restriction to D i is R 2 . We claim there is an extensionR 2 :
withR 2 = φ i on B i . There are two ways to do this. First, R 2 is a quasiconformal conjugate of a rational map. Next, by an important result of Rickman, [15] , each rational map of C has a quasiregular extension to a quasiregular map of R 3 . A result of Carleson says each quasiconformal map of C extends to a quasiconformal map of R 3 , extending our conjugacy provides a means of extending R 2 . Then we have to go about modifying this extension, using the annulus theorem again (this time in space and keeping C invariant), so as to achieve the assertion thatR 2 is Möbius on the balls B i and still keep Condition (3) with D i replaced with B i . The details are a little messy, but the construction is clear. Alternatively, a direct construction of such an extension is possible using a slight modification (and repeated application) of the explicit construction given in [7] . There the construction is the extension of a degree 2 rational map and the branch set is a circle, but it can be easily modified to give an extension of arbitrary degree rational map with two critical points so the branch set of the extension is a circle. One obtains more general rational maps by combining these simpler mappings using the annulus theorem. In our situation we need to group together the balls with the same image. Indeed, this construction was given in a previous version of this paper; however, the details are quite long and there are technical complications.
Step 4. The extensionR 2 is uniformly quasiregular in R 3 since Condition (3) is easily retained (for the balls B i replacing the disks D i ) and it implies, as before, that a forward orbit picks up at most a finite amount of distortion. Now the map f 2 has an extension to a mapping F : Proof. The map R admits an inverse disk system.
Remarks.
1. It is not too difficult to see how to modify the construction so as to allow certain parabolic fixed points in D 0 (see [5] ).
2. We have not been careful about control of the distortion of the extension and what it might depend on. This is because of examples of Mayer [13] which imply that only qualitative results are possible.
3. It also follows from the work of Mayer [12] that certain rational maps of Lattes type admit uqr-extensions to S 3 . This is rather surprising in view of our nonexistence results to follow.
Fatou and Julia sets
In the sequel, all notions of continuity and convergence will be with respect to the chordal metric of S 3 . Let f : S 3 → S 3 be a uqr-mapping. Then the Fatou set of f is defined as
f ). Clearly the Fatou set is open and the Julia set is closed. If f is not injective, then necessarily {f
is an infinite collection of mappings.
It is more or less immediate from the definition that the Fatou and Julia sets are completely invariant. That is,
A simple degree argument analogous to the classical case of iteration of a rational function (see [1] and [2] ) shows that {f n } ∞ n=1 cannot be normal on the entire Riemann sphere if the branch set B f = ∅. Thus the Julia set is never empty when the degree of f is at least 2. Indeed the Julia set is closed and perfect, therefore uncountable. We will use this fact without comment in the sequel. We recall the following version of Rickman's theorem concerning normal families of quasiregular mappings. 
Nonexistence of extensions
In this section we shall prove various nonexistence results for an extension of a rational map R which show in a certain sense that our existence theorem is nearly optimal.
Lemma 5.1. Let R ∈ R d and letR be a uqr-extension of R to S 3 . Then
J(R) = J(R). (7)

Proof. It is immediate that J(R) ⊂ J(R). To see the converse, let Ω be any open set in the complement of J(R).
Since C is completely invariant, we see that the setsR n (Ω) omit J(R). This set is infinite; therefore, Rickman's normality criterion implies that {R n } ∞ n=1 is normal on Ω. Next, we would like to acknowledge L. Geyer for help with the proof of the following theorem, which considerably simplifies and extends an earlier version. 
as the forward orbits accumulate only in the periodic components by Sullivan's no wandering domains theorem. We deduce that R has no nonconstant limit functions. The map R has finitely many periodic components, and it requires only a little argument to see that we may assume that R fixes each of them. From the classification of invariant components, each nonconstant limit function is an attracting or indifferent fixed point. In any case, we choose points z 0 and z 1 in different invariant components. Note that while z 0 and z 1 are in different components of F (R), they are in the same component of F (R) and therefore must have the same constant limit under iteration. We deduce every limit function is the same constant.
We next consider the case of super-attracting fixed points. Proof. We may conjugate R by a quasiconformal mapping f of C so that 0 is the super-attracting fixed point, D = {z : |z| < 1} lies in the immediate basin of 0 and that on the disk D we have
It is only necessary to show that S does not have a uqr-extension.
Suppose that S has such an extensionŜ. Let Ω = F (Ŝ), the Fatou set ofŜ, and recall that Ω is a normal domain in the sense of [14] , page 18. Since the Julia set is closed and perfect, there is a neighbourhood U of the unit disk in R 3 which lies in the Fatou set ofŜ. Let E denote the component of the branch set ofŜ containing 0. Then E is a nondegenerate continuum. Next, because of normality in U , the inverse images of E under the iterates ofŜ do not have an accumulation point in D, other than 0. Therefore there is a neighbourhood V of the circle {|z| = 1/2} which does not meet any inverse image of E. Let Γ n be the curve family consisting of curves in Ω joining the circle {|z| = 1/2} to the component E n ⊂Ŝ −n (E) containing 0. Since these images are nondegenerate continua containing 0 and exiting U (indeed E n must accumulate on J(R)) we see that there is an absolute constant A, such that, for all n,
where M (Γ n ) denotes the modulus of the curve family Γ n . Now we look at the "images" of Γ n underŜ n . That is, the curve families Γ n joining the circle {|z| = 2 −k n } to E in Ω. A simple consequence of the extremality of the Teichmüller ring shows that there is an absolute constant a > 0 such that for all n, M (Γ n ) ≥ a. (9) SinceŜ is uqr, the inner dilatation of the mappingŜ n is bounded above by a constant, say K. The hypotheses of Väisälä's inequality ( [14] , Corollary 9.2) are now satisfied and we see that
And so, in particular,
which is not possible for n sufficiently large. This contradiction establishes the result. Then there is no uqr-extension of R to S 3 . In particular, polynomials do not admit uqr-extensions.
The reader will no doubt be aware that we have not discussed extension in the case that the Julia set is a nondegenerate nonseparating continuum in the plane. There it appears that virtually nothing is known. It is clear that the set of rational maps which admit a K-uqr-extension is closed and this presents the possibility that some such maps might be found to extend if one could get control of the distortion of the extension constructed in the first section. However, this seems beyond the scope of current methods. There is still a further case we have not considered. That is when the Julia set is a circle with a single rationally indifferent fixed point. There is no known example of a uqr map of S 3 whose Julia set is a circle. This leads us to ask Question. Does the rational map z → z + 1/z admit a uqr-extension?
